The population dynamics underlying the diffusion of ideas hold many qualitative similarities to those involved in the spread of infections. In spite of much suggestive evidence this analogy is hardly ever quantified in useful ways. The standard benefit of modeling epidemics is the ability to estimate quantitatively population average parameters, such as interpersonal contact rates, incubation times, duration of infectious periods, etc. In most cases such quantities generalize naturally to the spread of ideas and provide a simple means of quantifying sociological and behavioral patterns. Here we apply several paradigmatic models of epidemics to empirical data on the advent and spread of Feynman diagrams through the theoretical physics communities of the USA, Japan, and the USSR in the period immediately after World War II. This test case has the advantage of having been studied historically in great detail, which allows validation of our results. We estimate the effectiveness of adoption of the idea in the three communities and find values for parameters reflecting both intentional social organization and long lifetimes for the idea. These features are probably general characteristics of the spread of ideas, but not of common epidemics. r
Introduction
Dynamical population models are used to predict average behavior, generate hypotheses or explore mechanisms across many fields of science including ecology [1] [2] [3] , epidemiology [4] [5] [6] [7] and immunology [8] , to name but a few. Traditionally, epidemiological models focus on the dynamics of ''traits'' transmitted between individuals, communities, or regions (within specific temporal or spatial scales). Traits may include (i) a communicable disease such as measles [4] or HIV [9] ; (ii) a cultural characteristic such as a religious belief, a fad [10] [11] [12] [13] , an innovation [14] , or fanatic behavior [15] ; (iii) an addiction such us drug use [16] or a disorder [17] ; or (iv) information spread through, e.g., rumors [18, 19] , e-mail messages [20] , weblogs [21] , or peer-topeer computer networks [22] .
The earliest and by now the most thoroughly studied population models are those used to map disease progression through a human population [23] [24] [25] . These models typically divide a population into classes that reflect the epidemiological status of individuals (e.g. susceptible, exposed, infected, etc.), who in turn transit between classes via mutual contact at given average rates. In this way the models can capture average disease progression by tracking the mean number of people who are infected, who are prone to catch the disease, and who have recovered over time. In addition, these models can be used to identify the role of specific population characteristics such as age, variable infectivity, and variable infectious periods [24] . The division of epidemiological classes according to such characteristics gives rise to more complex models with so-called heterogeneous mixing.
In this paper we apply models similar to those used in epidemiology to the spread of ideas. By the term ''idea'' we refer generally to any concept that can be transmitted from person to person [26] [27] [28] [29] . It may refer to a technology, which may require effort and apprenticeship to be learned, but it may also be a more fickle piece of information such as a colloquialism or a piece of news. What is important is that it is possible to tell if someone has adopted the idea, understands and remembers it, and is capable of and/or active in spreading it to others.
Pioneering contributions to the modeling of social contagion processes, based on epidemiological models, date back to as early as 1953 [10, 18, [30] [31] [32] [33] [34] [35] . Nearly a decade later, population models were applied to the spread of scientific ideas [36, 37] . Around the same time, a stochastic model for the spread of rumors was proposed and analyzed [19] . In this model, a closed population is divided into three ''social'' states: ignorant, spreaders, and stiflers. Transitions from the ignorant state to spreaders may result from contacts between the two classes, whereas encounters between individuals who already know the rumor may lead to its cessation. Various recent extensions of this model include a general class of Markov processes for generating timedependent evolution [38] , and studies of the effects of social landscapes on the spread, either through Monte Carlo simulations over small-world [39] and scale-free [40] networks, or by derivation of mean-field equations for a population with heterogeneous ignorant and spreader classes [41] . Other interesting mathematical models, that attempt to capture the capacity for a population or idea to persuade others, or imitate, have also been developed to generate predictions regarding product adoption [42] or public opinion trends [43, 44] . Despite this revival in the modeling of information spread, few of these models have been directly validated by empirical data [36, 37, 42, 44] .
Beyond obvious qualitative parallels there are also important differences between the spread of ideas and diseases. The spread of an idea, unlike a disease, is usually an intentional act on the part of the transmitter and/or the adopter. Some ideas that take time to mature, such as those involving apprenticeship or study, require active effort to acquire. There is also no simple automatic mechanism-such as an immune system-by means of which an idea may be cleared from an infected individual. Most importantly, it is usually advantageous to acquire new ideas, whereas this is manifestly not so for diseases. This leads people to adopt different, often opposite, behaviors when interested in learning an idea compared to what they may do during an epidemic outbreak. Thus we should expect important qualitative and quantitative differences between ideas and diseases when using epidemiological models in a sociological context. We explore some of these points below in greater detail, in the context of specific models and data.
In spite of these differences, quantifying how ideas spread is very desirable as a means of testing sociological hypotheses. For example, we can apply dynamical population models to the spread of an idea to validate statements about how effectively it is transmitted, the size of the susceptible population, the speed of its spread, as well as its persistence. Estimating the population numbers and rates is useful in constraining explanatory frameworks. It is also useful for studying how cultural environments may affect adoption, as happens when the same idea is presented to communities in different nations, or conversely when different ideas are presented to the same community.
In this paper, we apply several general models, inspired by epidemiology and informed by our knowledge of the sociology of the spread dynamics, to the diffusion of a specific scientific idea in three different communities. Our test case is the spread of Feynman diagrams, since the late 1940s the principal computational tool of theoretical high-energy physics, and later also used extensively in other areas of manybody theory such as atomic physics and condensed-matter theory. The primary reason to choose this example is that we have detailed historical information about the network of contacts, person by person, by means of which the diagrams spread during the first 6 years after their introduction [45] [46] [47] .
This example of the spread of an idea may not transcend automatically to other cases of idea diffusion. Feynman diagrams are primarily a tool for complex calculation. As such their study and assimilation require a period of apprenticeship and familiarization. Transmission of the technique almost invariably proceeded, in the early years, through personal contact, from informal teacher to student and among peer groups of users. In later years the idea became familiar and available in accessible forms so that (in principle) it could more easily have been learned from books and lecture notes. Thus, although our example will clearly not cover every class of ideas it will point, we believe, to features of epidemic models that apply to idea diffusion. It will also reveal features of these models that require modification, thereby producing more realistic candidate models that we expect will prove useful beyond our present analysis.
In Section 2 we give some historical background on the spread of Feynman diagrams in the United States, Japan, and the Soviet Union. We discuss our data sources and the organization of the datasets. Section 3 presents several classes of models of epidemiology (or directly inspired by them), some of their mathematical properties, and the circumstances under which we expect them to apply to the spread of ideas. We apply each model to the historical data in Section 4, and discuss the estimated values for the model parameters in the light of our independent knowledge of how the diagrams spread. Finally, in Section 5 we present our conclusions and give some outlook on the general population modeling of the spread of ideas. Appendix A contains details about our parameter estimation procedure.
Data sources, time series reconstruction, and state determination
Feynman diagrams occupy a central role in modern theoretical physics. Realistic models of high-energy physics, as well as in condensed-matter, atomic, and nuclear physics cannot be solved exactly to generate predictions that can be confronted with experiments. In special circumstances, however, such as when interactions are weak, series expansions in a small parameter permit very good systematic approximations.
In models of particle physics, such as the relativistic quantum theory of electromagnetism-quantum electrodynamics-most terms of this series beyond zeroth order (tree level) are formally infinite. The procedure of removing unphysical infinities to generate predictions is called ''renormalization.'' It is vital for renormalization to work that commensurate terms be grouped together. This is a relatively simple procedure for the lowest orders in the expansion series but becomes absolutely confounding at higher orders, in which many terms contribute and infinities must cancel precisely between them. For example, in quantum electrodynamics, second-order calculations (involving the first non-trivial corrections within the perturbative expansion) typically involve 10 or so distinct terms to be delimited, calculated, and added together, while eighth-order calculations involve nearly 1000 such terms. Both challenges to making calculations in quantum electrodynamics-the presence of infinities and the accounting difficulties of perturbative calculations-were well known to physicists during the 1930s, and the problems remained unsolved after World War II. Throughout 1947 and 1948 several approaches to rendering quantum electrodynamics well-defined were being attempted in the USA and Japan, but it remained unclear if any renormalization program could succeed systematically [48] .
It was then that Freeman Dyson, following up on an idea by Richard Feynman, was able to show how a diagrammatic representation of particle interactions could be used to organize the series expansion. Using the diagrams, Dyson further demonstrated that the infinities could be systematically identified and cancelled to any perturbative order. This conceptual breakthrough unified Feynman's approach (then at Cornell University) with that of Julian Schwinger (at Harvard University) and Sin-Itiro Tomonaga (at Tokyo Education University). For their contributions Feynman, Schwinger, and Tomonaga were awarded the Nobel Prize in 1965 [48] . Feynman diagrams opened the floodgates for computation (and prediction) in quantum electrodynamics and beyond, creating enormous research opportunities for a new generation of theoretical physicists. Tests of quantum electrodynamics and later quantum field theories of the weak and strong nuclear interactions continue today in multibillion-dollar particle accelerators at CERN and Fermilab, as well as at smaller installations. These quantum field theories taken together constitute the ''standard model of particle physics,'' which summarizes our most fundamental (and most exact) understanding of matter and radiation to date. Almost all quantitative predictions of the standard model, on which modern particle physics and cosmology are based, are computed using series of Feynman diagrams.
Because of their extraordinary importance in enabling a good part of modern theoretical physics, the advent of quantum electrodynamics and of Feynman diagrams in particular has been very well documented. Our data was collected in large part for a new book by one of the authors [45] . For the United States and Britain one of us (Kaiser) reconstructed the network of contacts-author by author-for the spread of the diagrams during the first 6 years after their introduction, between 1949 and 1954. For this he relied upon unpublished correspondence, preprints, lecture notes, and publications from the period, along with more recent interviews and published recollections. With the aid of two colleagues, he used similar materials to study how the diagrams spread to young physicists in Japan and the Soviet Union. Although less information is readily available about these communities of physicists, a reasonably complete picture of contacts and spread can also be inferred [45, 46] .
Data for the number of authors adopting Feynman diagrams were collected for the first 6 years in the USA and Japan, from the beginning of 1949 to the end of 1954. For the Soviet Union, where the diagrams were introduced later and where the spread was initially slower, we assembled data for the first 8 years, from the beginning of 1952 to the end of 1959. We identified adopters of the idea (or members of the ''infected'' class) based on published uses of (or discussion of) Feynman diagrams in the main physics research journals of each country: Physical Review in the USA, Progress in Theoretical Physics in Japan, and Zhurnal Eksperimental'noi i Teoreticheskoi Fiziki (Journal of Experimental and Theoretical Physics) in the USSR. The data were identified by manual page-by-page counts. We found this to be necessary because no citation search or even keyword search would suffice. Often in the early years authors would cite the Feynman and/or Dyson papers without making any use of the actual diagrammatic techniques, and, conversely, by the early 1950s many would use the diagrams without necessarily citing the Feynman or Dyson papers. Given the quasi-exponential nature of the adoption process these identification methods become impractical for longer times. This is the principal reason why we have not extended the study to later years. Additionally, we have detailed historic accounts of the spreading process spanning these initial periods only [45, 46] . Such knowledge will allow us to build models below that reflect fundamental social dynamics, different qualitatively from those underlying standard models of epidemics.
The identification of adopters with published authors can clearly lead to underestimation. Nevertheless the procedure is dictated by practical considerations and has become the standard. For example Tabah, reviewing an extensive literature on historical scientific trends grappling with this issue, suggests that the most practical measuring unit of a (scientific) idea is the published article [37] . And Goffman, using mean-field epidemiological models [36, [49] [50] [51] , chose the publication as the transmission ''unit'', when he validated models for the diffusion of scientific ideas with aggregate longitudinal data about mast cell research [36] , and the growth of symbolic logic [51] .
Similarly the identification of national communities with specific journal publication is imperfect, although we find almost no cross-national publications, apart from a few British authors who were in active contact with developments in the USA and published in the Physical Review. As such they are counted as part of the diagram-using community in the USA. With these choices the evolution of cumulative numbers of Feynmandiagram authors is shown in Fig. 1 .
We see that none of the data sets shows saturation in the growth of the adoption of Feynman diagrams. There are good reasons for this, spanning the initial period covered by the data, shown in Fig. 1 , and beyond. The physics graduate student enrollment grew rapidly in the US after World War II, faster than any other field, and was growing especially quickly during the late 1940s when Feynman diagrams were introduced [52] . This growth persisted until the late 1960s, with an average doubling time of 6.24 years. Among all subfields of physics, particle and nuclear physics, where the diagrams first spread, grew the fastest. The numbers of new physics graduate students in the USSR also increased exponentially, at a rate comparable to that in the US during the postwar period, but quantitative estimates are more uncertain. In Japan, we know that membership in the new Elementary Particle Theory Group (which consisted largely of interested grad students and postdocs) grew rapidly during this period [45] . Moreover during the mid and late 1950s, the range of applications to which physicists applied Feynman diagrams widened considerably. No longer the province for nuclear and high-energy physicists alone, many people began to apply the diagrams for problems in solid-state physics and beyond. This led to another surge in growth of diagram adopters, as new cohorts encountered the diagrams across a growing number of subfields of physics. Compounding this growth, a new generation of textbooks appeared that featured the diagrammatic techniques prominently, ensuring even wider adoption within graduate students' curricula.
Analogies to other population states commonly used in epidemiological models are natural but must be properly qualified. The identification of susceptibles is usually problematic both for diseases and ideas. For simplicity, one may consider the entire population that is not infected (or recovered), but if the spreading process requires such features as direct contact with those already infected this may turn out to be a gross overestimate. With the benefit of hindsight we can see what fraction of the population actually became infected, but such estimates can clearly underestimate the class of susceptibles.
Finally, it is interesting to discuss the recovered state. For some communicable diseases such a state does not exist; as it happens in HIV and tuberculosis, for which infected individuals remain latent for extensively long periods. On the other hand, there are infectious diseases in which an individual acquires immunity right after recovery and will not get re-infected. This is not true with ideas, a case in which culture is manifestly different from biology. An idea can recur again and again, whenever it becomes useful, once it becomes part of an individual's repertoire. In many cases (and this is clear in our data for several authors), an individual might publish in areas where Feynman diagrams are used, only to later leave the area for good or to return to it later. For very prolific authors, publication in several areas simultaneously occurs frequently. USA Authors Japan Authors USSR Authors Fig. 1 . The time evolution of the cumulative number of authors using Feynman diagrams in the USA, Japan, and the USSR. The method was first discovered in the USA and quickly spread both there and in Japan. Adoption was particularly fast in Japan where researchers had already developed similar methods. At the same time, new institutions were developed throughout Japan after World War II that helped the nation's physicists share information from the international scientific community that might otherwise have been difficult to access. Adoption in the USSR occurred later because of scientific isolation from physicists in the West with the onset of the Cold War, and proceeded more slowly because of institutional resistance. For details of these institutional and pedagogical factors, see Refs. [45, 46] .
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With these caveats in mind we proceed in the next sections to apply epidemic models to our data. Model parameters will be estimated on the basis of how well they fit the evolution of adopters. Furthermore, the results of these estimates will be subjected to broad bounds imposed by the solutions' plausibility, given our knowledge of the historical facts.
Population models: drawing parallels between epidemics and idea diffusion
Below we shall concentrate on the classical, simplest epidemiological models, based on ''homogeneous mixing'' in which state variables are only functions of time. In a review of epidemiological models, Hethcote [24] introduced their compartmental characterization (e.g. SIR, SIS, SEIR, etc.) within a global analysis of the field. Such survey also discusses how more complex models can be used to assess the impact of population structure (age, risk, gender, etc.), epidemiological variability (age of infection, variable infectivity, distributed incubation periods, etc.), and scale (spatial, temporal, etc.) on disease dynamics and control. Although we have knowledge of some population characteristics (e.g. academic level, institutional location) in our data set we feel it may not be large enough to make such distinctions in a way that will lead to useful quantitative discrimination.
As such we explore below a large class of ''mean-field'' models, illustrated by Fig. 2 . At the onset of the spread of the idea most of the population will be in the susceptible class (S), with a few individuals in the incubator class (E)-having been in contact with the idea-and a small number of adopters (I) manifesting it. These are the principal classes in the models below. In addition, inspired by the approaches of Daley and Kendall [19] , we also explore models in which there may be competing and mutually exclusive ideas (e.g. where susceptibles are turned off from the idea and become skeptics or idea stiflers, represented by the class Z). Furthermore, individuals may recover or become immune (R), and not manifest the idea again. Different models combine subsets of these states and admit different couplings between them.
The total population is denoted by NðtÞ, where Table 1 ). In the epidemic models used in this study, the demographic dynamics are modeled by dN=dt ¼ BðNÞ À mN, where BðNÞ is referred to as the recruitment function. In our case, this denotes the arrival rate of new individuals susceptible to the idea, such as new graduate students starting in the field as well as other scientists who find the idea relevant for their research. The parameter m40 denotes the rate at which physicists stop using Feynman diagrams (the exit terms in Fig. 2 ). Thus, the maximum value that 1=m can take is the average lifespan of the idea within a generation of researchers in the relevant community. Whenever BðNÞ40 and m40, then the system in The basic scheme of population dynamics models for the spread of ideas, inspired by similar models in epidemics. An individual can be recruited into the susceptible (S) class, then be exposed (E) to the idea, incubate it, and eventually manifest it, becoming a member of the adopter or infected class (I). An individual might instead move into a competing infective class (e.g., skeptics, Z). It is possible that part of the population may eventually recover (R), meaning that it will not manifest the idea again. Individuals can also exit any class, thus reducing the total population. approaches its ''carrying'' capacity. In order to illustrate generic model features we discuss below a few partial implementations of this general scheme, including explicit parameterizations. At the end of this section we emphasize the role of the basic reproductive number, R 0 , as a measure of effectiveness of adoption.
Models without incubation: SIR model
The classical epidemic model consists of three states: susceptibles (S), adopters (or infected, I), and recovered (R). In this SIR model, susceptible individuals transit directly to the adopter class through contact with other adopters, without any delay period or incubation. The recovered state consists of those individuals who no longer manifest the idea. This state allows for the decay of adopters by recovery and thus leads to a regulation of the idea spread. The model is defined by the following system of ordinary differential equations (where overdots denote derivatives with respect to time):
where 1=ðg þ mÞ is the average time spent manifesting the idea as an adopter (g denotes the recovery rate from infection). The term bSI=N is usually referred to as the standard incidence. The parameter b is the per capita idea adoption rate. It can in turn be thought of as the product between the mean contact rate per capita and the probability of adoption per contact.
As noted above, although recovery is a natural concept in epidemiology (since organisms naturally may become immune after exposure and/or infection), there is no strict parallel when discussing ideas. Loose analogies are possible, e.g. once one loses interest in an idea it is usually harder to have an individual express it, whereas novelty may make it more attractive. Nevertheless there is no systematic cognitive process, analogous to the immune system, that actively clears out ideas. As such many ideas are remembered for life.
Many ideas may be short-lived, say from years to days, compared to the lifetime of the individual. In this case, we may consider a single outbreak by setting L ¼ m ¼ 0. The sign of the right hand side of the second equation in system (1) then determines the spread of the idea and depends on the initial fraction of susceptibles, Sðt 0 Þ=N. If the initial state of the population can be such that Sðt 0 Þ=Nog=b, then the number of infectives can only decrease. This is the basis of immunization campaigns, whereby members of the susceptible class are turned into members of the immune class, and hence become part of Rðt 0 Þ. Thus knowledge of the infection rate, b, and of the lifetime of the infection, 1=g, results in the recommendation for the fraction of immune (recovered) necessary for an epidemic not to develop, namely Rðt 0 Þ=N41 À ðg=bÞ. For a very infectious disease or idea (large b) or one with a slow recovery rate (small g) almost all of the population must be immune in order to halt the spread. Table 1 Nomenclature for the state variables of the several population models used to describe the spread of ideas
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Due to the less clear definition of immunity to an idea, the concept of what may constitute immunization is also ill-defined. Clearly, the novelty of an idea and a perception of its potential are often its most attractive features. Changing this perception through education (e.g., about the consequences of a certain behavior, ideology, or practice) may lead to an increase of skepticism and consequently greater ''immunity'' upon exposure. Moreover, we should keep in mind that this concept of immunization, just as in standard epidemics but for different reasons, is usually only valid for the lifetime of an individual. Although some biological immunity can be passed e.g. from mother to infant, it is usually the case that young individuals are more susceptible to new diseases and ideas alike. In the Feynman diagram case this is borne out historically: over 80% of the early adopters of the diagrams in each country were either graduate students or postdocs when they first began using the diagrams; older physicists simply did not re-tool [45] .
The asymptotic late-time dynamics of model (1) are well known, and will form the basis for the analyses of more complex models discussed below. Suppose that L40 and m40. For long times, and regardless of the distribution of infectives and susceptibles, recruitment and exits will balance each other so that lim t!1 NðtÞ ¼ N Ã ¼ L=m. There are up to two different non-negative steady states (fixed points), known in epidemiology as the disease-free equilibrium with
, and the endemic state (whenever b=ðg þ mÞ41) with
The eigenvalues around the disease-free state equilibrium are ðÀm; Àm; b À ðg þ mÞÞ. Thus it is stable provided that bog þ m, i.e., if the decay rate (due to exit and recovery) is larger than the idea adoption rate. The instability of the disease-free state corresponds to stability of the endemic state. The eigenvalues of the linearized system around the endemic equilibrium are
where
. All eigenvalues are negative provided that b4g þ m, guaranteeing the local stability of the endemic state.
As a result a transcritical bifurcation (where the two equilibria exchange stability) takes place at R 0 b=ðg þ mÞ ¼ 1. In the mathematical epidemiology literature the dimensionless quantity R 0 is known as the basic reproductive number. R 0 has an intuitive and useful interpretation as the average number of secondary cases produced by a ''typical'' infected individual during his/her entire life as infectious, when introduced in a population of susceptibles (assumed to be at a demographic steady state). We will discuss the role of R 0 further in Section 3.3.
Competition and incubation: SIZ and SEIZ models
In the spread of ideas, but almost never in standard epidemics, the exposure of individuals to an idea almost invariably leads to both enthusiasts and skeptics. In the case of Feynman diagrams, skeptics did indeed emerge. Julian Schwinger, for example, who developed a non-diagrammatic method of renormalization, quipped years later that Feynman diagrams had ''brought computation to the masses''-hardly a good thing, as far as Schwinger was concerned. Although his graduate students at Harvard did learn something about the diagrams, they made little use of them in their dissertations and early articles. Oppenheimer, too, was initially skeptical, and effectively blocked Dyson's recruitment efforts at the Institute for Advanced Study in Princeton for several weeks, before Hans Bethe interceded directly on Dyson's behalf. In Moscow, meanwhile, the influential Lev Landau made his distaste for Feynman diagrams clear during the early 1950s, blocking any discussion of them in his famous seminar (even chastising one young graduate student who had expressed interest in the diagrams that it would be ''immoral'' to chase such ''fashions'' as Feynman diagrams!) [45] . Thus inclusion of skeptics alongside enthusiasts is quite important. This can be modeled by considering two competing and mutually exclusive infected states, say I and Z. The simplest such model (SIZ) is given by
where b and b denote the per capita rates of idea rejection and adoption by susceptibles, respectively. The interesting new feature about this type of model is that it can support up to three fixed points (see Table 2 ). The first is the usual disease-free state S ¼ N Ã ¼ L=m; I ¼ 0; Z ¼ 0 (extinction of both adopters and skeptics), and two endemic states, one for each strand I, Z:
Observe that model (4) 
Similarly, we obtain the eigenvalues for the endemic Z state by replacing b with b and vice versa in (7). This result implies that only one of the two endemic states can be stable, depending on the relative magnitude of the contact rates b and b. We note, however, that because there is no contact term between the I and Z, the way one class ends up dominating relies on long-time changes in the population through cycles of recruitment and exit. This time scale can be very long, diverging in the limit where b ! b. For b4b it will take on average b=ðb À bÞ generations until the disappearance of skeptics. The model generalizes immediately to an arbitrary number, n Z , of alternative endemic states, Z i (in which we include the usual I), with associated contact rates b i . There will then be n Z þ 1 fixed points, one disease-free and n Z endemic corresponding to each strand. As in the SIZ model above only the state with the largest b i will be locally stable. The stability of the fixed point associated with Z i for decay in favor of an alternative state Z j Table 2 Parameter definitions used in the several population models of Section 3
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Parameter Definition
L

Recruitment rate 1=m
Average lifetime of the idea 1=
Average idea incubation time 1=g
Average recovery time b
Per-capita S-I contact rate r Per-capita E-I contact rate b
Per-capita S-Z contact rate l S ! Z transition probability given contact with skeptics 1 À l S ! E transition probability given contact with skeptics p S ! I transition probability given contact with adopters 1 À p S ! E transition probability given contact with adopters is characterized by an eigenvalue ½ðb i =b j Þ À 1m. The disease-free equilibrium will be locally stable if and only if all
. As above, consider the case in which recovery can take place in the SIZ model, and proceeds with rate g I from the I class, and with rate g Z from the Z class. R I;Z 0 change by the simple modification m ! m þ g I;Z . In the absence of vital dynamics, it then becomes a necessary and sufficient condition for the growth of the strand I, Z that Sðt 0 Þ=N4g I;Z =b, respectively. What is interesting now is that the reduction of the susceptibles can be achieved by having a suitably large fraction of the population in the complementary infective strand(s). For example, I will not grow if ½Zðt 0 Þ þ Rðt 0 Þ=N41 À ðg I =bÞ. This observation quantifies the fact that in a population with a large fraction of skeptics an idea will not take hold. In this sense, complementary strands effectively act like recovery states. This may be the most natural explanation for why old ideas seldom re-surface, in spite of being preserved for very long times in the population and various archives.
One important drawback of SIR and SIZ models is that once exposed to an infected person, a susceptible individual transits immediately to the infected class. This feature is often unrealistic, especially for ideas that require long periods of apprenticeship, which is common in scientific research and is a significant feature of the Feynman-diagram user data discussed below. The simplest way of incorporating some delay in an SIZ model is to introduce a new class of incubators (or exposed), denoted by E, between the susceptible and adopter states. Upon contact with an adopter, a susceptible individual transits with a given probability to the E class. This class has a given characteristic lifetime, 1=, before the individual manifests the idea and transits to the I class. That is, 1= is the average incubation (or maturation) time of the idea [53] . It is expected to be a function of personal effort on the part of the adopter as well as environment (adverse or supportive). There may also be population losses due to vital dynamics, which we will continue to assume occur on a timescale 1=m. In this sense not all of the exposed population will become infected.
This extension leads to an SEIZ model. In addition, this model can be enriched with extra processes to generate a better description of the data. Below we present a version of the SEIZ model in which skeptics recruit from the susceptible pool with rate b, but their action may result either in turning the individual into another skeptic (with probability l), or it may have the unintended effect of sending that person into the incubator class (with probability 1 À l). We also introduce a probability, p, that a susceptible individual will become immediately infected with the idea upon contact. Conversely, with probability 1 À p that person will transit to the incubator class instead, from which the individual may later become an adopter. Furthermore, the transition of individuals from the incubator class to the adopter class can be promoted by contact, with rate r. With these choices the model is given by
As expected, the system has a disease-free state with
Analysis of the local stability of this fixed point (utilizing next generation operator [54, 55] ) reveals that the basic reproductive numbers are given by
As in the SIZ model the first number, R I 0 , is the one of interest, as it corresponds to an eigenvector with a component of adopters. The second value, R Z 0 , corresponds to the exclusive growth of a population of skeptics, without acceptance of the idea.
Speed of idea propagation and effectiveness of adoption
From the discussion of the models above we can define several important intuitive quantities that characterize the spread of ideas. For example, a simple measure of the speed of propagation of the idea is the number of new adopters per unit time. This is simply given by _ I. For simple models, such as the ones discussed above, in which there is only one growing eigenvalue l þ for each infective strand, the initial velocity of the spread is simply
The quantity v ini gives a measure of how fast the idea will initially spread but not of its overall adoption effectiveness. In order to determine the latter we must consider the number of new adoptions that a spreader of the idea can lead to during his/her lifetime. Since there is no a priori good reason to suspect that ideas are short-lived, the effectiveness of an idea may result from slow spread over long periods of time and thus may not be well characterized by v ini . The number of secondary adoptions induced by a typical idea spreader in a population of susceptibles over that person's lifetime as an adopter, t idea , is called the basic reproductive number, R 0 , in ecology and epidemiology (see Refs. [3, 5, 24] ). As such R 0 is the invasion criterion for adopters in a population of susceptibles, or analogously the average branching ratio (the number of offspring) of the typical adopter over his/her lifetime in this state. If R 0 41 then the idea will spread. The greater R 0 , the more effective the idea adoption will be.
In practice R 0 can be computed in simple models through the linearization of _ IðtÞ around the disease-free equilibrium. These expressions are summarized in Table 3 . For the computation of R 0 in models with heterogeneous populations other methods are necessary [5, 54, 55] . In Section 4 we will estimate the statistical distributions for R 0 (see Fig. 4 ) subject to fitting the data for the spread of Feynman diagrams in the USA, Japan, and the USSR. The mean of this distribution provides a measure of the effectiveness of the adoption of Feynman diagrams in the three countries.
Results and discussion
We now analyze the results of estimating parameters by matching the data on the spread of Feynman diagrams for three distinct countries to several population models discussed above. These models allow us to discuss the effects of the recovered class, of latency, and of competitive idea strands. They also explore several classes of transition mechanisms, both by progression and by contact between population classes. Table 4 summarizes the results. To gauge the applicability of each model to each data set we used the simplest measure of goodness of fit, by computing the absolute value of the deviation between model prediction and data. Average deviations per data point are shown in Table 4 . Details of our ensemble estimation procedure are given in Appendix A.
Here we note simply that parameter estimation must, by practical necessity, be confined to given numerical ranges, with upper and lower bounds dictated by general empirical considerations. Our choices of estimation intervals are shown in Table 5 . This procedure is familiar from epidemiology, where knowledge about such quantities as the length of incubation and infectious periods is often used to restrict various model parameters to plausible values (Refs. [8, 56] also employ assumptions of this nature in immunology). 
Results for models without incubation: SIR
We start by presenting our results for simple models without incubation. Parameter estimates are given in Table 6 for the USA, Japan, and the USSR, while the model solutions are compared to the data in Fig. 3 .
The estimates for the initial population paint a picture of a considerably larger scientific community susceptible to learn Feynman diagrams in the USA than in the other two countries. In Japan, Sðt 0 Þ appears more than three times smaller than in the USA, while in the Soviet Union our estimates indicate a very small number of susceptibles around 1952. Nevertheless both the USA and the USSR show strong levels of recruitment (slightly higher L in the USA), as compared to Japan.
This makes sense given each community's rates of growth during this time period. In the postwar United States, the rate at which new Ph.D.s in physics were granted grew by nearly twice that of any other field between 1945 and 1951, quickly exceeding (by a factor of three) the prewar rate at which new physicists had been trained. Meanwhile, building on the wartime Manhattan Project pattern, the federal government pumped money into physics at more than ten times the prewar levels. Most singled out for support during the early postwar period was high-energy physics, precisely that branch of the discipline in which Feynman diagrams were first developed and from which the earliest adopters came [52] . These factors led to a large population of susceptibles when Feynman and Dyson first introduced Feynman diagrams.
Japan, on the other hand, had a strong tradition of high-energy physics before the war, but massive shortages of funding and basic supplies during the early postwar years hampered the growth of that country's physics community (lower L). Although absolute numbers of new physicists in Japan did not grow at anything like the pace in the United States after World War II, several institutional changes were introduced in Japan right around the time that Feynman diagrams were invented, greatly facilitating the diagrams' spread throughout Japan. This fact is reflected in the highest adoption rate, b, for Japan, compared to the other two countries. This in turn leads both to the fastest speed of adoption and the highest value of R 0 . Contacts between Japanese and American physicists began again in 1948 (while Japan was still under US occupation), including visits by several Japanese theoretical physicists to the Institute for Advanced Study in Princeton, New Jersey, where Freeman Dyson was honing the new diagrammatic techniques. A new organization in Japan, known as the Elementary Particle Theory Group, was also founded in 1948, and began to publish its own informal newsletter and preprint organ, Soryushi-ron Kenkyu, which helped to spread news of the new diagrammatic techniques. And finally, the Japanese university system quickly expanded tenfold, beginning in 1949, allowing young physicists to establish new groups and visit new institutions throughout the country, putting the new techniques into rapid circulation [45, 46] .
ARTICLE IN PRESS
The Soviet Union was the only country in the world after World War II in which the growth in the numbers of new physicists and in government spending on physics was comparable with the United States. This may explain why our estimates of the recruitment rates L are so high and commensurate for the two nations. But the onset of the Cold War in the late 1940s effectively ended all informal communication between physicists in the USA and USSR just months before Feynman and Dyson introduced Feynman diagrams.
These geopolitical constraints severely limited the exchange of information for several years and explain why Feynman diagrams took hold in the Soviet Union only later and at a slower initial pace (smallest v ini ). Only with the ''Atoms for Peace'' initiatives, starting in 1955, did physicists from both countries begin to meet informally for extended visits. And only after these lengthy face-to-face ''exposures'' did Soviet physicists begin to adopt Feynman diagrams at a comparable rate to those in the USA and Japan [45, 46] . Over time the effectiveness of adoption, R 0 , was nevertheless comparable between the USSR and the USA. Table 6 Parameter estimation (SIR model) for the spread of Feynman diagrams in the USA, Japan, and the USSR. The three columns show our best-fit estimate, the mean computed over an ensemble of parameter set realizations, and corresponding standard deviation (Std) Fig. 3 . The best fit trajectory (see Table 6 ) for the rise of Feynman diagram adoption obtained for the SIR model vs. the data for the USA, Japan, and the USSR. Finally we notice that both the exit and recovery rates, m and g, are small in every case, their sum being comparable to a career lifetime (5-25 years). The fact that g is estimated to be smaller that m is a consequence of our imposed lower bound on the exit rate and the fact that the data only constrains their sum. Although this estimate cannot be made with good confidence for data which only covers the first 6 years, it is an indication that ideas are not naturally forgotten.
Incidentally, we do know in some cases that the time to change research subject was much shorter for a few prominent authors. Richard Feynman was working almost exclusively on his theory of superfluidity by 1953 (although some of his students continued to use the diagrams under his supervision), while Freeman Dyson was persuaded to change research direction, to condensed-matter theory, at a meeting with Enrico Fermi also in 1953. (See Dyson's testimony in Ref. [57] ; see also, Ref. [45] .)
The long exit and recovery times, combined with finite, plausible values of the contact rate b, lead in turn to large values of R 0 . The fact that an infected individual, when introduced in a population of susceptibles, can lead to many adopters (here 6-50) is associated not with high adoption rate for the idea, b, but rather with a long time (many years) over which the idea can be transmitted, 1=ðg þ mÞ. This is a feature that we will see repeated in more complex models and that is manifestly different between biological infection and the spread of ideas.
Results for models with incubation: SEI
We now analyze the effects of including latency in the models. In the simplest SEI model, susceptibles transit to an intermediate class of incubators (E) upon contact with adopters, in which they remain for a characteristic ''incubation'' time 1=, after which they manifest the idea. Note that due to exit processes the average time spent in the incubator class is actually 1=ð þ mÞ, and that some individuals exit the population and never manifest the idea. In practice m will be estimated to be small and the time spent in the incubators class is indeed essentially the incubation time. The simplest SEI model is a subset of the SEIZ model of Eq. (8), and is given by
Results of the parameter estimates are presented in Table 7 .
The most important qualitative difference, relative to models without latency, is that the model can now better fit data at early times for the USA and Japan (see Fig. 5 ). This accounts for the bulk of the improvements in Table 4 . In both cases this is made possible in the SEI model because starting with a number of individuals in the incubator class allows a two-stage growth process for the adopters. Initially, the incubators are depleted, allowing for a growth of adopters with a negative second derivative. This is the main feature of SEI solutions, accounting for their better fit of the data relative to the SIR model. The two-stage process is a property of the growth curve for adopters in the USA from the initial time until the early 1950s, and to a lesser extent for Japan over the same period, after a slightly later start. The characteristic time at which the curve changes concavity can be computed from the initial growth as
This time is longest for the USA, on the order of 10 months, shortest for Japan at 2.3 months, and about 5 months for the USSR, reflecting the relative values of the parameters and b estimated for the three countries. Beyond this point in time the effect of the incubator class is relatively negligible. For Japan and the USSR, where is largest, the class becomes essentially non-dynamical beyond the initial transient, with E ! bSI=ðNÞ, and as a consequence the solutions look much like those of the SIR model.
In practice, the incubation periods estimated for the three countries are quite different. For the USA (see Fig. 6 ), the best fit solutions prefer to start in 1949 with a relatively large number of incubators and an incubation time of order 3-4 years. In both Japan and the Soviet Union the initial population included fewer incubators but had a considerably shorter incubation time, of the order of 5-6 months in Japan and 7-8 months in the USSR. These incubation period estimates for Japan and the Soviet Union are unexpectedly short, since most of the papers were authored by graduate students who took on average a few years of training (''incubation'') before publishing. The small values for thus reveal some limits of the simple SEI model: in particular, simple progression to adoption (parameterized by ) does not capture the dynamics adequately, since (as we know historically) the role of multiple contacts was important. We return to this issue below.
Beyond the role played by the incubator class, we observed the same relative hierarchy of several important quantities among the different national communities. Japan had the largest effectiveness of adoption, R 0 , whereas both the USA and the USSR displayed smaller and statistically commensurate values for R 0 . (Data were only collected for the USA and Japan for the period 1949-1954, because the steep rate of growth made longer collection times infeasible. The slow rise of diagram adoption in the USSR, on the other hand, encouraged us to collect data for a longer period, 1949-1959, making direct comparisons between late-time behavior in the USA and the USSR difficult.) In every case the large values of R 0 are essentially due to a long lifetime of the idea, 1=m, of 13-40 years. The recruitment rates, L, similarly to the SIR estimates, are highest for the USA, followed by the USSR, reflecting these national efforts to increase the numbers of new physicists.
In spite of all these qualitative similarities one should also keep in mind that the numerical values for each of these parameters are generally different between the SIR and SEI models, and not always statistically Table 7 .
compatible. Thus preference of one model over another can be determined via consideration of the goodness of fit (Table 4) , but should also take into consideration qualitative knowledge of the processes at play.
Results for models with incubation and competition: SEIZ
Finally, we consider the most complex model of our set, which includes an additional class Z much like that of adopters, but which competes with I for susceptibles. Results of the parameter estimation procedure are given in Table 8 and in Fig. 7 . It is clear both from Table 4 and from Fig. 7 that the SEIZ model gives the best fits to data, particularly in the case of the USA.
ARTICLE IN PRESS
We observed that good solutions (with very similar smallest deviation per point) are possible with either idea strand I or Z having the largest R 0 . In this sense our initial 6 years of data cannot determine which idea strand, adopters or skeptics, will eventually win out over many generation times. In the parameter estimates presented in Table 8 we have restricted the solutions to have R I 0 4R Z 0 , thus limiting the search space to the historically sanctioned eventual domination of Feynman diagrams over other techniques. This does not preclude the skeptics from growing initially in a population of susceptibles, and we find in fact that degenerate solutions with and without a growing number of skeptics are possible.
A novelty of the SEIZ model relative to the SEI is that the progression to adoption can result from multiple contacts, both while susceptible (parameterized by b) and while incubating (parameterized by r). For every country the fact that p is small and r sizable makes adoption favored and faster through contact with adopters while incubating, relative to simple progression as in the SEI model. This may indeed be the case in reality since the learning of Feynman diagrams in the early years was characterized by extensive interpersonal contacts at several stages of physicists' apprenticeship. We know of only one case in all three countries in which a few physicists learned about the diagrams sufficiently well from articles or textbooks alone. Practically every adopter in all three countries is known to have interacted repeatedly with other adopters before using the diagrams in their research [45] .
We also observe that for the SEIZ model the relative magnitudes of the recruitment rates for the USA, USSR, and Japan follow the trends observed in simpler models, while the same is approximately true also for the effectiveness of adoption, R 0 . The estimated probability distribution function for R I 0 for Japan in the SEIZ model is shown in Fig. 8 . As with the previous model, the large values of R I 0 estimated in the SEIZ model are mainly due to the very long lifetime of the idea.
Among the models discussed above we are, therefore, inclined to prefer the SEIZ model. Not only does it best fit the empirical data, but it also includes effects that we know to have been important, such as latency (apprenticeship), adoption through multiple contacts, and institutional and intellectual resistance. Estimated Table 8 ) vs. the data for the USA, Japan, and the USSR.
parameters, both in their orders of magnitude and (more important) in their relative sizes, reflect properties of the idea's spread in each national community that match qualitative expectations based on our empirical knowledge of the process.
Conclusions
In this paper, we applied several population models, inspired by epidemiology, to the spread of a scientific idea, Feynman diagrams, in three different communities undergoing very different social transformations during the middle years of the 20th century. There is always a tradeoff between the use of models that include more detail (heterogeneous populations) and highly aggregate simple models with a manageable number of parameters. Although a model built under very simplistic assumptions is expected to have deep limitations, the use of simple epidemic-type models has had tremendous success in the recent past, partly due to their ability to use existing data to make predictions (treatment for HIV [8] ) or recommendations (control measures for SARS [56] ). This is the thinking behind the model choices made above, which form in our opinion the simplest synthesis of population standard modeling with sociological information at our disposal. Moreover, given the relative sparsity of quantitative data on social dynamical processes at present such models may well prove to be the most useful starting points for modeling.
We have found that suitably adapted epidemic models do a good job of fitting the empirical data, provided we allow their parameters to be very different from those normally estimated for standard epidemics. In this rough sense, the spread of Feynman diagrams appears analogous to a very slowly spreading disease, with characteristic progression times of years instead of days or weeks. The spread of the diagrams also shows an enormous effectiveness of adoption due primarily to the very long lifetime of the idea, rather than to abnormally high contact rates.
The models give a quantification of parameters that are characteristic both of the idea and of the mixing population in which it spreads. This allows a more precise discussion of the sociological reasons why the idea evolved differently in distinct national communities. The initial velocity of spread of Feynman diagrams was fastest in Japan, followed by the USA, and slowest in the USSR, probably as a result of geopolitical constraints that severely limited access to the idea and its practitioners. The effectiveness of the adoption, encapsulated by R 0 , was consistently largest for Japan, most likely reflecting the high level of organization of its scientific community in the difficult times that followed the end of World War II. To our knowledge, this is the first time that basic reproductive number distributions have been estimated for the spread of an idea. The USA and the USSR also show high recruitment rates, following the two countries' massive investment in nuclear and high-energy physics during the early Cold War. In this study, we have done what seems to be yet uncommon in epidemiology, namely the estimation not only of model parameters and their variability, but also of the effective population sizes of the communities involved.
In the process of constructing epidemiological-type models and estimating their parameters for the spread of Feynman diagrams, we had to confront several conceptual issues concerning why the spread of ideas is or is not analogous to that of a disease. One interesting aspect of the spread of ideas is the inadequacy (or irrelevance) of the recovered state. In fact, many ideas may never be forgotten at all, as that would be in the worst interest of the adopter. As a result, our parameter estimates consistently find very long recovery times, 1=g. The same holds for the exit rates, 1=m.
In spite of these slow rates of exit and recovery, individuals commonly have to acquire many ideas, and these may in some cases be mutually exclusive, or at least may adversely affect the adoption of others. We introduced a new class of simple models with multiple Z classes representing these strands. It is a curious, and we believe important fact that the recruitment of individuals from a class of susceptibles to other ideas has the same mathematical effect as vaccination against disease. In this sense ''immunity'' to an idea may be obtained either by education about its possible implications (perhaps analogous to actual immunization), or by distraction with other, more easily acquired concepts embodied by the Z classes.
We must emphasize that the behavior of individuals when exposed to ideas may be very different, indeed opposite, to what they may do during an epidemic outbreak. First, people intentionally seek ways to extend the infectious period of an idea, usually by recording it and storing it in various documents. In this sense, the lifetime of an idea can largely transcend that of individuals. Second, short of vaccination the most effective strategy to stop a disease epidemic is through isolation, which reduces the contact rate. Ideas, unlike diseases, are usually beneficial and thus people's behavior tends to maximize effective contacts. This pattern can be captured through the mapping of the social network of contacts that underlie the spread of the idea, which we analyze elsewhere [47] . There we show that the communities where Feynman diagrams spread the fastest had created intentional social and behavioral structures that ensured very efficient communication of scientific knowledge.
We finish by remarking that the SEIZ model, which included both skeptic and incubator classes, as well as acceleration to adoption from incubation (parameterized by r), captures most adequately the role of such classes in the transmission process, since it yields the best fits (smallest average deviations in Table 4 ). Nevertheless the modeling of the spread of ideas discussed above is but a simple caricature of the complex social dynamical processes involved. Our hope is that this work may bring a new and hopefully useful quantitative perspective into the study of the diffusion of ideas, by the simplest means possible.
The problem of generating estimates for model parameters describing the spread of ideas is the absence of clear quantitative expectations, both concerning which model should apply best and what the quantitative value of its parameters should be. As such we devised a novel search method capable of both finding the best fit to the data possible given a choice of model, but also of producing an ensemble of solutions that are compatible with the data within a certain admissible error.
As a starting point we take the fact that simple population models cannot be expected to give perfect descriptions of the data, resulting in a minimum level of discrepancy. We chose to parameterize this discrepancy by a collective measure of the average absolute value of the deviation between the best model prediction and each data point. This measure allows us to discuss and compare how good models are at describing a specific data set. Our results are given in Table 4 .
Second, we expect in general that data contains errors, e.g. early underestimation, false positives, accounting errors. Thus a given level of uncertainty in the data will translate into parameter statistical distributions that are compatible with those allowable deviations. This is a stochastic optimization problem (see, e.g., Ref. [58] for a general discussion). Based on this idea we perform an estimation of the joint parameter distribution of model parameters, conditional on a set of allowable deviations at each datum. To be specific we can write that the unknown exact data point I E ðt i Þ, measured at time t ¼ t i , can be written in terms of the observed datum I O ðt i Þ and an error xðt i Þ as
The error xðt i Þ is only known statistically. In order to proceed we must specify a model for x. Here we assumed a simple Gaussian distribution such that
where N is the normalization factor and sðt i Þ parameterizes the expected error at time t ¼ t i . This expectation for the errors can be translated into a commensurate fitness function (analogous to a Hamiltonian in statistical physics) that can in turn be minimized in order to produce parameter estimates through a search procedure. For each model realization (in terms of a set of parameters S ¼ ðSðt ¼ t 0 Þ; Eðt ¼ t 0 Þ; . . . ; b; g; . . .Þ) we take this function to be
which is an implicit function of S. If the model could generate exact results we could then make the natural association I E ðt i Þ ! I M ðt i Þ. This is usually not the case, since a residual minimal deviation always persists. To account for this, we normalize this function to zero by taking H 0 ðSÞ ¼ H À H 0 , i.e., by subtracting the minimal value of H, obtained for the best parameter set.
Given this choice of H 0 we can produce, in analogy with standard procedures in statistical physics, a joint probability distribution for model parameters given by
This choice guarantees that all statistical moments are finite. This joint probability distribution can then be used to compute any moment of any set of parameters, including single parameter distribution functions, and cross-parameter correlations such as covariances. In Section 4, we show results for the single parameter averages and their standard deviations. We also show some single parameter probability distribution functions.
In general the estimation of this probability distribution can be obtained by randomly generating many model parameter sets and weighing them according to Eq. (16) . The procedure is slightly complicated because we are dealing with an inverse problem in which, given a trial set of parameters, comparison with the data is performed only after the non-linear model dynamical equations have been solved. Fortunately, for models that consist of small numbers of ordinary differential equations the computational effort is not prohibitive.
In practice, we used an ensemble of trial solutions, from which we select a number of best strings, according to a standard Monte Carlo procedure, weighted by Eq. (16) , to generate the next generation of the ensemble.
In order to do this we introduce a mutation implemented in terms of random Gaussian noise around the best parameter sets. This yields an effective minimization method, capable of exploring large regions of parameter space. It also creates as a byproduct an ensemble of good strings with small deviations to the data. For small enough deviations from the best string we can sample parameter space in an unbiased manner. It is this ensemble, and its best string, that is then used to estimate Eq. (16) . Results given in Section 4 involve ensembles with several million realizations and a choice of s, common to all points, corresponding to 10% deviation between the best parameter estimate and other ensemble members.
